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This paper discusses a mathematical model for the geometric descrip-
don of the conformatons of molecules in terms of internal rotation
angles, valence angles, and bond lengths by means of elementary qua-
ternjon algebra and screw calculus,

The need for a2 mathematical model to describe the
conformation of molecules in terms of valence angles,
bond lengths, and internal rotation angles arises in
connection with investigations of many complex mole-
cules, particularly biopolymers [1-6]. Eyring's ma-
trix model [7] is usually used for this purpose. It has
advantage of relative simplicity, but the description
of conformations with its aid complicates the mechan-
ical interpretation of many problems, particularly the
assignment of interaction between individual atoms and
the functional groups of the molecule,

The model discussed below has certain advantages,
particularly in the last sense, over Eyring's model.
The "kinematic visualization' of the description of
molecular conformeations with the aid of the new model
is also an important feature.

The model to which we refer is designed for cer-
tain kinematics problems and uses the elements of
screw calculus [8] and quaternion algebra [9]. We re-
call that a quaternion of the form

Q=cosgp+asing (1)

is the operator of rotation around the vector a@. If in-
stead of the real angle ¢ we introduce the dual angle
& = ¢ + wy" (here w is the "Clifford symbol"; w? = 0),
the guaternion (1) will be the operator of screw trans-
fer with axis 7 and parameter ¢%p. We will call
such a yuaternion a dual juaternion and denote it by a
tilde.

Let a system of rectangular coordinates be asso-
ciated with the atom X; of some molecule in such a
way that its origin coincides with the center of this
atom and the unit vectors j and k are directed respec-
tively along the bond X; — X4 and perpendicular to
the bonds X; — X4y and X; - X;_;, as shown in the
figure. We denote the valence angles at Xj by ¢j, the
angles of internal rotation around the bonds Xj — Xj4q
by #; , and the lengths of these bonds by . The unit
vectors directed along these bonds we denote by $j,
while F; denotes the unit vectors passing through the
center of X; in the direction sj_;x s;. Obviously, j=
=§; and k=7;. Then,

ri.1=(cosW, 45, sin¥,)r, =

=kcos W, + isin¥, = Q,7,.

Here, ¥, = ¢, + oy} .

In its turn
Sis1 == (COS @iy + 71 SINQer) 8 =
= jCos g — fcos W, sing,, 1+
+ksin¥,sing,,, = Q,s,,
whence,
Tee = (COS Wiy + s sinW, ) rp =
=i(sin¥,cos ¥,,, —cosW,sin ¥,  cosqg;,) +
+jsin¥,,, sing,,, + k{cos¥,cos ¥, —

— sin W, sin W, €08 ;1) = Q. Qs 145

and so on.
If the chain is closed we have the relationships
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called the closure equations [10}. They can obviously
also be put in the form
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Here Q*is the quaternion conjugate to Q: @* =cos ¢ —
- @ sin ¢. The closure ejuation in such form can be
used to determine some of the unknown parameters -
(the internal rotation angles, for instance) if the rest
are assigned in such a way that the total number of
degrees of freedom does not exceed 6 (the so-called
Grobler criterion). For this we have to obtain ex-
pressions for all Ei, for instance, and substitute them
in (2). Then, equating the scalar parts and the coef-
ficients of j, 1, k on the left and right, we obtain four
dual ejquations, which break up into eight real ones.
Their solution, however, usually presents great dif-
ficulties and, hence, in the case. of such problems it
is better to resort to approximate methods,

If approximate values of ¥; and ¢; are substituted
in (2), the equality is destroyed, and the discrepancy

j=t femh i

will also be a dual quaternion.
The expression

is a quaternion combining the vectors E}:{ and §) s
obtained by the action of the right and left parts of (2),
respectively, onsy.
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If the scalar part of ®y is equal to unity there is no
discrepancy. Hence, by minimizing, for instance, the
function

Py = (1 —8) + (87, (3)

we can obtain values of the parameters which interest
us.

New

Fig. 1. Schematic description of conformation
of molecule in terms of valence angles, bond
lengths, and internal rotation angles.

It is important to note here that the extreme func-
tion need not necessarily have the form (8); in partic-
ular, it may be the strain energy of some element (or
elements) of the chain, expressed in terms of known
potentials written in dual coordinates.

To minimize P, we can use, for instance, the
method of fastest descent: by successively altering
the variables by small amounts Ay; we obtain incre-
ments APy and from them, approximate values of

oP AP
the partial derivatives: —* ~—*%  Corrections for
oy, A,
each ¢; are found from the formula
—P, (_a_P_'f_\
oy, )

Function Py, generally speaking, can have several
minima and, hence, success largely depends on the
choice of the initial values of ¥;. In many cases of
interest, however, the choice of approximate values
can be made with sufficient accuracy.

Many complex structures, particularly the second-
ary and tertiary structure of proteins, can be regarded
as a combination of articulated spatial chains of the
described type. The conditions for their closure are
formulated ina similar way, andif Py is additive, ZPg
is minimized. Calculation of the derivatives in this
case is only slightly complicated, since each yj is
contained in two, rarely more, chains.

In conclusion we must mention the possibility of
stress analysis in complex structures in terms of
screw calculus. Each bond (or other rigid element
which can be regarded as a link) is acted on by 2—4
screw forces. The sum of these screw forces together
with the sum of the moments of their main parts rel-
ative to any point of application of a must be zero:

INZHENERNO-FIZICHESKII ZHURNAL

YFE+Yum) o

If we can obtain expressions for the screw forces
which produce a certain deformation we can, knowing
the spatial structure of the molecule, obtain an idea
of the stresses on its individual bonds. Estimates of
this kind may be of interest, if not from the computa-
tional aspect, then at least as a method of demonstrat-
ing the "statics of the molecule.

It is from the viewpoint of various static models
that the above-described model is of greatest interest;
in particular, we can expect that models of such kind
may be useful in connection with the examination of
the properties of some polymers. It is known, for in-
stance, that the melting point, elasticity, solubility,
and other properties of polyamides are determined by
the mutual arrangement and orientation of the inter-
acting functional groups[11]. A significant factor in
this case is not only the degree of saturation of the
hydrogen bonds, but the fact that in several cases, ow-
ing to the unfavorable spatial disposition of the amide
groups, some of the hydrogen bonds formed by them
are deformed. This deformation can be evaluated by
comparing the molecular and crystallographic param-
eters by means of the described model.

Of course, the results obtained with this model,
like the results obtained by means of Eyring's model
[1-6], can be regarded only as exploratory. Since in-
formation of such kind is unattainable, or almost un-
attainable by experiment, theoretical methods like
the one described are now being adopted,
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